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Abstract:

In any inventory and production management, deterioration of physical goods is one of the important factors

put into consideration. Therefore, it is very important to control and maintain inventories for decaying items.
We considered inventory problem for deteriorating items where demand is stock dependent and deterioration
is controllable under two warehouse storage facility. Our objective is to derive the optimal inventory policy
that minimizes the objective function (average total cost function).
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Introduction

A set of mathematical models that describes the properties
of a wide variety of inventory systems and as well as
different methodologies studies that seek and analyze the
best strategies that can be employed in inventories
management is referred to as inventory theory (Luis et al.,
2021).

A lot of inventory models are developed with the assumption
that demand rate is either constant or time dependent, pricing
is also an important strategy that can influence demand.
Thus, studies that considered inventory model with price
dependent demand have received wide attention. The work
by Bhunia et al. (2018) looked at an inventory model for
deteriorating item with displayed stock level and marketing
strategy dependent demand. Also, in the study carry out by
Khanna et al. (2020), they derived the optimal preservation
strategies in an inventory model with stock dependent
demand and time dependent holding cost.

In this regard, Luis et al. (2021), studied an inventory model
where demand rate put into consideration the effects of time
and selling price. They assumed that the demand rate
consists of two power functions. One of them depend on the
selling price and the other depend on the time elapsed since
the last inventory replenishment. The also assumed that
shortages are allowed and fully backlogged, and determine
the optimal inventory strategies by maximizing the profit
function. They also presented numerical examples to verify
their results.

Yu - Ping and Chung — yuan, (2012) discussed an inventory
model for deteriorating items under stock dependent demand
and controllable deteriorating rate. They assumed that
shortages can be allowed and shortages are partially
backlogged. Their objective is to derive the optimal
replenishment and preservation technology investment
strategies through the maximization of the profit function.
Jie et al., (2014) study an inventory model under two level
trade credit where the demand rate is stock dependent and
the deterioration is also stock dependent to illustrate real life
business scenario. Two level trade credit is the kind of
agreement where both the vendor and the buyer can offer
trade credit to their prospective customers. In the model. It
is assumed that the supplier can offer a fixed credit period
and the retailer in turn offers a fixed credit period to
customers in order to promote market competition. And
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provided the necessary and sufficient conditions for the
existence and uniqueness of the optimal solutions that
maximized the average profit function.

In another work by Jui —Jung and Kuo — Nan (2010),
discussed deterministic inventory model for deteriorating
items that allow trade credit financing and capacity
constraints. It assumed the excess inventory can be stored in
a rented warehouse and holding cost in the rented warehouse
is more than the holding cost in the owned warehouse. The
objective is to maximize the average profit function to
determine the optimal inventory management policies. They
also presented numerical examples to illustrate the derived
results.

The work of Singh and Singh (2013) discussed optimal
ordering policy for deteriorating items with demand which
is power — form stock dependent under two warehouse
storage facility. It is assumed that the demands are first
fulfilled from the rented warehouse until the goods in the
rented warehouse get to zero then demands can be fulfilled
from the owned warehouse. Therefore, depletion in the
rented warehouse is due to deterioration and demand while
depletion in the owned warehouse is due to deterioration at
the initial time but later the reverse is the case.

The paper by Pattnaik (2013) investigates instantaneous
economic order quantity model under promotional effort
cost, variable cost and units lost due to deterioration by
allocating percentage of units lost due to deterioration in an
on — hand inventory framing in promotional effort cost and
variable ordering cost. The objective is to determine the
optimal order quantity, promotional effort, cycle length and
number of units due to deterioration through maximization
of the average profit function. The work also verified the
derived results by presenting some numerical examples. In
our work, we considered inventory problem for deteriorating
items where demand is stock dependent and deterioration is
controllable under two warehouse storage facility.

Models Formulation

Constants and Variables

S -The ordering cost per order

¢ -the purchasing cost per unit item

p -the selling price per unit item

h, -The holding cost per unit time in Owned Warehouse
(Ow)
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h, -The holding cost per unit time in Rented Warehouse
(RW)

u -the deteriorating rate of the inventory in the rented
warehouse

W -The storage capacity of OW

I, (t) -inventory level at time t in OW

L.(t) -inventory level at time t in RW

t, -The time at which the inventory in RW reaches level
zero

T -The length of replenishment cycle

q -The replenishment quantity per replenishment

w -Maximum capital constraint

& -Preservation technology cost per unit time for reducing
deterioration rate in order to preserve the products (0 <
{<w)

X1(ty) -The total profit function per unit time

Assumptions

i Replenishment is instantaneous

ii. The time horizon of the inventory system is
infinite

iii. There is no repair or replacement of
deteriorated items during the period under
consideration

iv. It is assumed that the items in the OW
follow reduced deterioration rate M (§)
which is an increasing function of the
preservation technology cost ¢ where
lim M(§) =6
&—00

V. The demand rate function D (t) is assumed
to be dependent on the current inventory
level, D(t) is given by

d

12?) =—(0-m@®)lL®) 0<t<t €))
Solving equation (1), we have

dlo(®)

(6 —m(&))Io(t)

t dl,(t) ¢

—_— = | dt=-
0 (9 —m(f))lo(t) J0 ‘ ‘

1 tdu
H—m(f)fo w

(6-m@)®] .
“[(e—m(a)lo(m = —(0-m@©)
IO(t) — e—(g—m(f))t
15(0)

Io(t) = I,(0)e~(E-m®)t
Ip(t) = We—(6-m@®)t

D(t) = a + BI(b), 0<t<ty
a>0and 0 < B < 1 are termed scale and
shape parameters respectively

Vi. Shortages are not allowed.

Vil. Due to different preservation environment,
holding costs per unit item in RW and OW
are different as a result, it is assumed that
the holding cost per unit item in RW is
lower than that of OW

viii. Items are not transferred from RW to OW,
instead demands are fulfilled directly from
the RW until the inventory level in the RW
reaches zero at time ¢t; and after that,
demands are fulfilled from OW up to time T
at which inventory in OW reaches zero.

3.0 The Two — Warehouse Model

Here, retailer can order g units in each replenishment cycle.

Out of the quantity g, W units are stored in OW and the
remaining quantity g — W units are stored in RW. It is
assumed that the retailer can also display the stock in OW
to attract customers but demands are fulfilled from RW
until the inventory in RW reaches zero at time ¢t;. Then,
demands can now be fulfilled from OW until inventory
level in OW reaches zero at time 7.

Case I: Timeperiod0 <t < t;

In this period, the demands are fulfilled from RW.
Therefore, the inventory level in the owned warehouse
decreases due to deterioration only. Thus, the differential
equation governing the model is as follows:

Also, in this time the inventory level in RW depletion is due to the combined effect of the demands and deterioration. Therefore,

the differential equation governing the model is given by:
dl-(t
% =—ul, ()= (a+BL®) 0<t<t,
I(t) =0

Inventory level in RW
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dl,
Id—it) = —ul(t) — (a + BL.(1))
=—ul(t) —a—pL(t) = —[a+ (u+ ﬁ)lr(t)]
L
la+ u+RLM®]

6 d@
ft ar@ipLo] LY

1 (bdu
mf - - "G-0
t

a+(p+ ﬁ)lr(tl)}
In|—F————|=-(u+ /)t —t
[a Ry TR ) I
S S (18%) (o))
a+ (u+ P
1+ B () = a(eW+P 0 — 1)
ale@BE- _ 1
L) = ( )
uw+p
Case Il: ThePeriod t, <t <T
In this period, owned warehouse inventory depletion is due to combined effect of the demand and deterioration. Hence, the
governing differential equation is given by:
dl,(t)
= (@ BlL®) = (0 —mEL®) t<t<T ®)

1,(T) =0

4

Solving Eq. (5), we have
dl,
0 (at 1,0) ~ (0 - mO)La(®) = ~(a+ 8 +0 ~m(O), ()

dl,(t) _
(@ +18+0-m@l,©)

’ dly (1) o
ft (a+[B+6-m®OIL,®) =0

1 Tdu
ﬂ+9—m(§)£ 2 ="T-9
a+[+6-m@l,T)]
a¥Fro- m(f)]Io(t)] =-lE+6-mDIr -1

a = - [B+0-m@®1(T-0)
a+[f+0—m(DI,1®)
a(elf+6-m@IT-0 _ 1)
) =
Note that from equation (2) and (6) we have that
[B+0-m(OI(T-ty) _

= —(6-m(§)t, — a(e 1)
Io(t) = We (0O = =
WIB + 6 —m(&)]e~0-m®)tr 4 g = gelB+0-mDIT-t)
WI[B + 6 —m(§)]eftr 4 gelf+e-m®le

a
n [W[ﬁ + 6 — m(&)]efts 4 gelf+o-m@lt
24

In

(6)

= elB+o-m@IT

=[p+6-m@IT
B 1 | WIB + 6 — m(&)]eftr + qelbf+0-m®lt ;
_ﬁ+9—m(f)n[ a )

3.1 Profit and Cost Components
Holding cost of the items in RW:

T

t1
Holding cost = hrf I (t)dt
0
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b fg(eW+P -t — 1)
[ Ja
ptp
hya |ewtBt:—t)

Tu+pB| -+ p) -t | 0
h,a 1 ew+pty
_u+ﬁ(_m_t1+m>

hya [eW+Bti_1
= —t 8
u+ﬂ< p+p 1) ®

Holding cost of the items in owned warehouse
T

ty
Holding cost = h,, f I, (t)dt + h, f I, (t)dt
0

t1

ty h
= -(6-m(®)t o B+6-m(DI(T-t) _
hOWfO e dt+ﬂ+9_ (f)f (elf* 1)dt
- (6-m@©)t hya PlBHO-m@IT-t) T
=hW =5 lo TFre-m® 'l
_hW e (elfro-m@Ir-t) _q)
“—mell e o]+ +e G pro-me  TaTT| O

Ordering cost = S
Purchasing cost = cQ
Q =1,(0) +1,(0)

(u+B)(t1=0) _
_ a(e 1 1) + We-(6-m©)

L+p
a(ew At — 1)
= +W
w+p
. ca(eWht — 1)
Purchasing cost = ¢cQ = ——————+cW (10)

w+p
T t T
Sales revenue = pf D(t)dt=p [f D(t)dt + f D(t) dt]
0 0 ¢

1

t; T
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Now, the annual cost function can be expressed as:

a1

1
X,(t,T) = T (purchasing cost + ordering cost + stock holding cost in RW
+stock holding cost in OW)
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1 {(Ca(e(#+ﬁ)t1 — 1) hya <e(u+ﬁ)t1 -1
T n+B +B\ utp
hoW _
+ <9 6 [1- e~ (O-m®)t] 4

4.0 Cost Minimization/Cost Optimization
Our problem here is to determine the optimal value of & which minimizes X; (¢). The
necessary condition for minimization of the Total cost function X, (¢) are:

dfxl(f) =0 (13)
Equations (13) can be solved for ¢ to obtain the optimal value of ¢ (say ¢*). The sufficient condition for X; (¢) to be minimum

is that the
2

d{z
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Singh, C. and Singh, S. R. (2013): Optimal Ordering Policy

for
i elB-mOIT-t) 5 1
i W(1— e (0-m®O)) > 2 (T — t,)el-mEONT-t) 4 (T — ;)
iii. a(T — t,)2elf-mOIT > ¢ w([o — m(&)]t, + 2)

Conclusion

In this work, the optimal inventory policy for deteriorating
items with stock dependent demand and controllable
deterioration under two warehouse storage facility have
derived. We derived the optimal inventory policy for the
optimization problem by minimizing the average cost
function derived under controllable deterioration and two
warehouse storage facility by providing the necessary and
sufficient conditions that give the existence of the optimal
solution that maximizes the average profit per unit time.
Furthermore, we examine some properties of the optimal
solutions and obtained the optimal ordering policies of the
problem considered.
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